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ON THE RELATIVE APPROACH OF TWO-DIMENSIONAL
ELASTIC BODIES IN CONTACT

JEREMY SCHWARTZ and EDWARD Y. HARPER

Bell Telephone Laboratories Incorporated, Whippany, New Jersey

Abstrllct-The classical method of Hertz fails to approximate the relative approach of bodies in a state of plane
strain or plane stress induced by their mutual contact. The method also fails to provide a uniform approximation
to the displacement field over an entire body. In this paper, the method of Hertz is interpreted in terms of modern
perturbation theory. The relative approach is found for frictionless contact between a pair of elastic, circular
cylinders which have differing radii and properties. A composite asymptotic expansion of the displacement field
is developed, which is uniformly valid over both the neighborhood of the contact surface and the remainder of a
body. The method employed in this paper may be applied to a wide variety of contact problems.

1. INTRODUCTION

THE relative approach [IJ of a pair of three-dimensional elastic bodies in contact across
a small smooth surface may be approximated to first order by the method of Hertz [2J.
In two dimensions the method is inadequate because it yields the displacement field of the
contact surface only to within an unknown constant [3]. It is the purpose of this paper to
remedy this inadequacy and to interpret the method of Hertz in terms of modern perturba
tion theory.

Attention may be confined to either of the bodies in contact. The characteristic overall
length, L, of the body is the primary reference length of the contact problem. The charac
teristic length, t, of the contact surface is a secondary reference length, The distance, r*,
from a point of the contact surface to a field point, may be referred to either reference
length by forming either of the dimensionless distances, r*IL, or r*II. An asymptotic
expansion of the exact displacement field, in the small parameter tiL, may be formed which
is valid in the limit as tiL vanishes, with r*IL and the resultant contact force fixed, It is
the physical meaning of this limit that the distribution of contact traction becomes con
centrated at a point where the terms of the expansion are singular, The expansion is called
an "outer" expansion because it is expected to approximate the exact displacement field
only in an "outer" region; i,e. a region outside some neighborhood of the contact surface.

An asymptotic expansion in tiL of the exact displacement field may also be formed
which is valid in the limit as IlL vanishes, but now with r*II fixed, It is the physical meaning
of this limit that contact occurs over a finite area, with the overall body becoming a semi
infinite region, The expansion is expected to approximate the exact solution in some
neighborhood of the contact surface, but not necessarily over the whole body. This expan
sion is called an "inner" expansion; the region of its validity, the "inner" region.

It is the method of Hertz to formulate the first order problem ofeach expansion directly,
through physical reasoning, without recourse to a formal perturbation scheme, The first
order "outer" problem is that of the original body under a concentrated force equal to
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the resultant of the original distribution of contact traction. The first order "inner"
problem is that of a half-space in contact over a finite area of its surface. Thus. the original
contact problem is broken into a pair of problems, neither of which possesses. in general,
a solution uniformly valid over the entire body originally considered. The presumption.
of course, is that the solutions to these two problems may be recombined to form a uniform
approximation to the displacement field. In particular, the relative approach for the original
contact problem is sought. This quantity relates the resultant contact force to the displace
ment of the contact surface relative to a point of the outer region. To determine the relative
approach, the displacement field for the half-space must be related to the displacement field
for the body under concentrated force.

In three dimensions physical reasoning suffices, at least to first order. The deformation
in the outer region of the original body is negligible compared to that in the inner region.
For the purpose of finding the relative approach, the deformation for the body under
concentrated force is neglected. In the half-space problem the translation at infinity is a
readily identifiable constant because the remainder of the displacement field dies out as
l/r, as the distance r from a point of the contact surface becomes infinite. By associating
the point at infinity of the half-space with any point of the outer region, the displacement
field of the half-space is uniquely determined. The relative approach follows.

The procedure sketched above may be shown to coincide with the first step in a formal
perturbation procedure. Moreover, unless higher approximations are sought, such a
formalism is not required in three dimensions. However. in the case of two dimensions,
Hertz' method fails to provide the required asymptotic expansion, even to first order. The
purpose ofthis paper is to formalize Hertz' method in terms of singular perturbation theory
and thereby provide a prescription for the relative approach in two dimensions.

In two dimensions physical reasoning fails because the displacement field of the half
plane, rather than dying out at infinity, grows as log r. This behavior in the leading term
of the inner expansion prevents an intuitive recombination of the half-plane or inner
solution with the outer solution under concentrated force. As a result, the relative approach
in two dimensions cannot be approximated satisfactorily by the classical method of Hertz.
However, the relative approach in two dimensions, as well as an asymptotic expansion
for the displacement field which is uniformly valid over the entire domain of interest, may
be found by straightforward application of singular perturbation theory [4]. In particular,
the method of matched asymptotic expansions will be used to relate the inner and outer
expansions, thereby determining the relative displacement ofthe contact surface with respect
to a point in the outer region. A rigorous discussion of the matching of asymptotic expan
sions has been presented by Fraenkel [5J and will not be discussed here. The emphasis in
this paper will be on the application of the theory to the problem at hand.

In the second subdivision of this paper the method of matched asymptotic expansions is
applied to the particular problem of an elastic circle indented without friction, along
antipodal arcs, by a pair of rigid circles. The relative approach between either rigid circle
and the center of the elastic one is found. to first order. by matching the displacement field
for the latter, subject to a pair of diametrically opposed concentrated forces, to the dis
placement field of a half-plane indented by a convex, rigid stamp. The relative approach of
a pair ofelastic circles, of differing radii and elastic properties, is found by simple adaptation
of the previous result. A composite displacement field, uniformly valid over the entire
domain of interest, is constructed from the displacement fields of the half-plane and the
circle under concentrated force. Comparison of the inner displacement field with the



On the relative approach of two-dimensional elastic bodies in contact 1615

composite reveals that the inner is not uniformly valid to first order. The outer expansion
is singular; a fortiori. it is non-uniformly valid. The inner. outer and composite displace
ment fields are compared graphically.

In the third subdivision of this paper the displacement field is presented for a circle. in
equilibrium under two opposed distributions of unidirectional traction. over antipodal
boundary arcs. An inner expansion is formed which. to first order, is the displacement field
of the half-plane, subject to distributed traction. If the traction distribution appropriate
to the half-plane indentation problem is employed, it may be shown that the inner dis
placement field of the second subdivision of this paper is recovered, even to the rigid body
translation determined by matching. In addition, an outer expansion is formed which, to
first order, is the displacement field of the circle, subject to antipodal concentrated forces.
This is so, provided that the applied traction satisfies a condition met by a broad range of
contact problems; viz. that each distribution of applied traction be of one sense over its
entire arc. For a more general distribution of traction, the outer expansion to first order
could be the displacement field for the circle, subject to a combination of concentrated
moments of various orders. Thus, a simple-minded attempt to apply Saint Venant's
principle, by replacing distributed traction with a statically equivalent force and couple
combination alone, could result in an incorrect first order outer expansion. However, it is
expected that such error would reveal itself in the matching process.

The results of this paper may be generalized to other contact problems. The body of
existing solutions to half-plane contact problems may be matched to available solutions
for bodies of finite extent, subject to concentrated forces.

2. THE CIRCLE IN CONTACT

Let (x*, y*) be a set of rectangular Cartesian coordinates, with the complex variable z*
defined by

z* == x*+iy*. (2.1 )

An isotropic, elastic, circular cylinder of infinite length and radius R, and a thin, isotropic,
elastic disc of the same radius are considered alternatively. The right section of either body
has its center at z* = iR (Fig. I).

Two rigid circles with centers on the imaginary axis, having radii R' and R", indent the
elastic circle from below and above, respectively. Only the lower arc of contact will be
considered explicitly. For simplicity, it is assumed that indentation takes place without
friction. Each rigid circle exerts on the elastic one a resultant contact force F* per unit
depth of the plane figure, thereby inducing in the long cylinder a state of plane strain; in the
thin disc a state of generalized plane stress is induced. Let u* and v* be the components of
displacement in the x* and y* directions, respectively, and define

w* = u*+iv*. (2.2)

Let ;[* denote the relative approach of the rigid circle of radius R' to the center of the
elastic circle, in the process of indentation.

The elastic circle is in contact with the lower rigid circle along a length t, which is as
yet an unknown function of F*. The validity of the method of Hertz, as compared to an
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FIG. 1. Elastic circle indented by rigid circles.

exact solution of the equations of linear elasticity, requires that l be small compared to the
radius R of the elastic circle. This assumption gives rise to the small perturbation parameter
8, defined as

I: tiR. (2.3)

The applicability of the equations of linear elasticity themselves requires that t be small
compared to the sum of the radii Rand R'. Thus, the small auxiliary parameter

f;' := fiR' = 0(1:) (2.4)

is required. The equation of the undeformed boundary of the lower half of the circle is
given by

y*(x*) = R J(R2- X*2).

To an accuracy of 0(8) in the intervallx*j ~ t 12,

y*(x*) ~ x*2/2R, Ix*1 ~ tl2,

(2.5)

(2.6)
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Similarly, the equation of the upper surface of the lower rigid circle, when a single point of
contact exists, is given by

y*(x*) - - x*2/2R', Ix*1 :s; t /2. (2,7)

A most important consequence of the approximations (2.6) and (2.7) is that only the
curvature ofeach circle at the initial point of contact appears. No other feature of geometry
enters. As a result, the inner displacement field to 0(1), as found by the method of Hertz,
will be broadly applicable to a very wide variety of overall body shapes.

In the intervallx*1 :s; t/2, the arc given by (2.6) is deformed into the shape (2.7). There
fore, the displacement of the contact arc in the direction of the positive imaginary axis is
given to O(s) by

(2.8)Ix*1 :s; t /2,I ( 1 1 )v*(x*) = -- -+- X*2 +const.
2 R R' '

where the constant is unknown. Relation (2.8) is a boundary condition of the indentation
problem. A like condition exists over the upper contact arc of the elastic circle. The re
maining boundary conditions for the problem of frictionless indentation all require zero
traction.

Inner variables are now formed which have the length t of the contact arc as the reference
length. Define

Z == z*/t, W == w*/t, A == A*/t, F == F*//lt, P == P*//l, (2.9)

where /l is the shear modulus of the elastic material and p* is a surface traction, whose
positive sense is into the elastic circle. The limit as the perturbation parameter s vanishes,
with Z fixed, maintains the length of the contact arc, t, as the characteristic reference
length. The corresponding asymptotic expansion, valid in the region surrounding the
contact arc, is referred to as the inner expansion.

Corresponding outer variables are defined which have the radius R of the circle as the
reference length:

z == z*/R, w == w*/R, A == A*/R, f == F*//lR, P == P*//l. (2.1 0)

The limit as s vanishes, with z fixed, maintains an overall characteristic length of the body
as the reference length. The corresponding expansion is valid in the outer region. The inner
and outer quantities are related by

z = sZ, w= sW, A = sA, f = sF, P = p. (2.11 )

In accord with the method of Hertz, the inner region to 0(1) is taken to be the upper
half of the Z-plane. On the scale of length of the inner region, the indentation (2.8) becomes

v,(x) = -t(s + s')X 2 + const., (2.12)

The relation (2.12) is the first-order indentation caused by a rigid, convex stamp with
curvature s + s' at its apex. The solution to this indentation problem, with the non-unique
displacement field unspecified to an unknown constant, is given by [3, 6J

41r~(Z) = C - iF{K[2ZQ(Z)-log Q(Z)J +22Q(Z}-log Q(2)+4(Z -2)Q(Z'j},

(2.13)
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where C is an unknown constant, K is given by

K = 3-4v, (plane strain),

K = (3 - v)/(l + v), (plane stress),

and v is Poisson's ratio. The function Q is defined by

(2.14al

(2.l4b)

(2.15)

in which ~(l- 422
) is holomorphic in the 2-plane cut along the interval [-1, 1J of the real

axis. The branch chosen is that which takes positive values as the cut is approached from
above. The asymptotic behavior of this branch is given by

( I)!: (I )1(1-422
) = -2i2 1-- - -2i2 1--

'>I 422 822 ' 121 -+ oc. (2.16)

Finally, throughout this paper the symbol "log" denotes the principal branch; i.e.

log Q == loglQI + i arg Q, - IT < arg Q ~ n. (2.17)

It may be verified that (2.13) satisfies the indentation condition (2.12) with the aid of the
relation [6J

F = n(s +S')/2(K + I). (2.18)

[Relation (2.18) gives the force required to bring a stamp of curvature" + s' into contact
with the half-plane along a unit of length.J In the next subdivision, it will be shown that
(2.13) is the inner expansion to 0(1), as s vanishes with 2 fixed.

In accord with the method of Hertz, it is assumed that the outer problem to O(1) is that
of the circle subject to a pair of concentrated compressive forces applied to the boundary
at z = 0 and z = 2i. The solution to this problem has also been supplied by Hertz (see [6J).
In outer variables the displacement field takes the form

4nwo(z) = il {K log[2z/(2+ iz)J + log[2z/(2 - iz)J + z/z +(2 + iz)/(2- iz)

+(K- 1)(1 + iz)- K} + C',
(2.19)

where C' is a constant which may be chosen to make a particular point in the outer region;
e.g. the center of the circle, the reference point for displacement. In the next subdivision
it will be shown that (2.19) is the outer expansion of the displacement field to O( 1), as s
vanishes with z fixed.

The inner and outer expansions, detailed above, differ because they represent two
different physical limits, both of which correspond to the vanishing of s. In the inner limit
the reference length t is fixed as R becomes infinite, while in the outer, the reference length R
is fixed as t vanishes. Nonetheless, these two expansions share a region ofcommon validity
and may be matched to a given order in the perturbation parameter 8. The matching permits
a determination of unknown constants in both expansions. In particular, the previously
unknown rigid body translation C of the half-plane may be related to the translation C'
associated with the outer region. The matching rule used here is that originally set forth by
Van Dyke [4] and recently modified by Fraenkel [5J :
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4n:J1';Jo = C- iF[K log Z +Iog Z+Z/Z +2(K+ 1) log 2+l{K-l)J,

The inner expansion [to O(Ll)J of the outer expansion [to 0(6)J is identical to the outer
expansion [to 0(6)J of the inner expansion [to O(Ll)]. Symbolically, this equality is written as

The required expansions will now be formed.
In order to form wJo' the inner variables of(2.13) are replaced by outer variables through

the use of (2.11), and the result is expanded for small B. For the purposes of this paper,
the expansion to 0(1) is sufficient. Thus, the outer expansion to 0(1), of the inner expansion
to 0(1), is given by

4nwJo = BC + if(K + 1) log B- if[K log z+ log z+Z/Z+2(K + I) log 2 +l{K-1)J, I:: -> O.
(2.20)

The relation (2.20) may also be expressed in inner variables by means of (2.11). Thus,

IZI -> 00.
(2.20')

The relation (2.20') emphasizes that the outer expansion of the inner expansion to O( 1) gives
the asymptotic behavior of the half-plane displacement field at infinity.

In order to form WoJb the outer variables of(2.19) are replaced by inner variables and the
result is again expanded for small B. For the purposes of matching, the expansion to 0(1)
is retained. Thus, the inner expansion to 0(1), of the outer expansion to 0(1), is given by

4n~1 = C/I:: - iF[(K+1)logB+K!ogZ+logZ+Z/ZJ, B -> O. (2.21)

The relation (2.21) may also be expressed in outer variables by means of (2.11). Thus,

4n:wol = C - if(K log z + log z+ z/z), Izi -> O. (2.21')

The relation (2.21') emphasizes that the inner expansion of the outer expansion to 0(1)
gives the asymptotic behavior, near a singular point, of the displacement field for the circle
under concentrated forces.

Equations (2.20) and (2.21') may be matched, with the result that

BC-C = if[(K+1)(210g2-logB)+l{K-l)]. (2.22)

(2.23)

The relative approach of the rigid circle to the center of the elastic circle is equal to the
imaginary part ofthe displacement of the half-plane at Z = 0 with respect to the center ofthe
elastic circle. These two displacements are found from (2.13) and (2.19) respectively, and
(2.22) is then used to eliminate the quantity BC - C. The relative approach is given by

K+l
4nA = --2-flog(ec2/64),

where e is the base of natural logarithms. The length t of the contact are, which appears in
B, may be eliminated from (2.23) by use of(2.18), (2.11), (2.4) and (2.3). The relative approach of
the rigid circle to the center of the elastic one is given in convenient dimensionless form by

where
x= -Jlog],

X == eA*/4R(1 +R/R'),

J== e(K+1)F*/32n:/lR(1+R/R').

(2.24)

(2.25a)

(2.25b)
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The relative approach of a rigid circle to the center of the elastic one, given by (2.24) and
(2.25), may be adapted readily to the case of contact between a pair of elastic circles of
differing radii and properties. Let R' be the radius of curvature of the common contact arc
in the deformed state. Effectively, the first elastic circle behaves as if indented by a rigid
circle of radius R'; the second elastic circle, by a rigid circle of radius (- R'). R' may be
found by writing the contact force-indentation relation, (2.18), in dimensional form for
both elastic circles, and then equating the resultant contact forces. Then R' may be elimina
ted from (2.25) as applied to the first elastic circle and as applied to the second. The relative
approach between the centers of the two elastic circles is then given by

where

and

A= e().t+),!)/4(R 1 +R2 ),

J = eF*(ryl +t12)/32n(R l + R2),

(2.26)

(2.27a)

(2.27b)

i = 1,2. (2.28)

Expressions for relative approach having been found, it remains to construct an
expansion for the displacement field which is uniformly valid over both the inner and outer
regions which comprise the lower half of the indented elastic circle.

Neither the inner nor the outer expansion is necessarily uniformly valid over all of the
lower half of the elastic circle; certainly, the logarithmic singularity of the outer expansion,
at a point of concentrated force, insures its non-uniform validity. This defect, as well as the
non-uniform approximation offered by the inner expansion, (2.13), is remedied by a
composite expansion, constructed from the inner and outer according to the rule [4, 5J

We = wi+W,,-Wi],,'

Substitution of (2.13), written in outer variables by means of (2.11); (2.19), where C' is
adjusted to give zero displacement at the center of the circle; and (2.20), yields the composite
expansion:

{ [ 2 (2) (I (z)) J i (i) (1 (i))4nwc = -if K 2~Q € -log ~Q € -log(2+iz) +2€Q € -log ~Q € -log(2. ii)
. (2.29)

(Z-i) (i) 2+iz 1 }+4 -- Q - +?_'7+i(K-l)z+-'(K-I)(I-in)-2(K+l)log2 ,
(; <. _ 1_ 2

in which f and e are related by the contact force-indentation relation (2.18). At the center
of the circle, Z = i, We differs from zero by 0(<.2), while at the center of the contact are,
Z 0, it gives the relative approach, (2.24). The inner expansion Wi differs from the com
posite We by a function whose value is zero at Z = 0, but whose least upper bound is of 0(1)
in the region of interest. Therefore, Wi is not a uniform approximation to 0(1).

Figure 2 compares the composite expansion, (2.29), the outer expansion, (2.19), and the
inner expansion, (2.13), written in outer variables. For each, the y-component of displace
ment, v, has been calculated along the y-axis, from the contact point, y = 0, to the center of
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FIG. 2. Comparison of inner. outer and composite expansions.

the circle, y = 1. The value chosen for c;, 5 x 10- 2, is very nearly the value at which plastic
yielding would be initiated in a cylinder of a chromium-vanadium steel [7J, in a state of
plane strain, compressed between a pair ofparallel, rigid planes (c;' = 0). The value, K = 2·06,
is also a value typical of steel.

The inner expansion accumulates an error of 0(1) in the passage to the center of the
circle, y = 1. The outer expansion is logarithmically singular at y = O.

3. THE CIRCLE SUBJECT TO DISTRIBUTED TRACTION

As in the second subdivision of this paper, the right section of a cylindrical elastic body
occupies the interior of a circle of radius R, lying in the z*-plane, with its center at z* = iR
(Fig. 3). In this subdivision, the circle is subject to a pair of opposed, but otherwise identical
tractions, p*, distributed over the respective intervals, Ix*1 s t/2, of the upper and lower



1622 JEREMY SCHWARTZ and EDWARD Y. HARPER

FIG. 3. Elastic circle subject to distributed traction.

boundary arcs, y* = R±J(R2-x*2). The distributions of traction p* are parallel to the
y*-axis. Their positive sense is toward the interior of the circle.

The displacement field for the circle, subject to given traction, has been found by Hertz
(see [6J). In the present case, the displacement field is given by

fr/2 (s* 7*)j1W*(Z*) = .... p*(s*)G~, ~ ds*,
-ti2 R R

(3.1 )

where s* is the source point counterpart of the field point variable x*, and the Green's
function G is given by

. i(l-S2)1--i (8-Z) -i(l-s2rl:+i-(s z) i(l-s2).! i-(s-z)
4mG(s,z) = K log, +Iog-·-~·'-·~_·"':_-_·+·_"':"'_·~·-.--_·__ ·-

(I- s2)2+1 i(s-z) (1- +1+i(s z) -i(l- +i-(8-Z)

(l-s2)1-+1-i(8-z) (3.2)
+------+(K - 1)( I S2)1-( I + iz) - (K I)in/2.

(1 - 82 )1 + 1+ i(s z)

The imaginary part of G vanishes at the center of the circle; the center is a reference point for
the vertical component of displacement, v*, as was true a fortiori in the preceding part of
this paper.

The displacement field, (3.1), may be written in either inner or outer variables. In the
respective expressions, the parameter E will appear differently. Consequently, expansion
of each expression for small E will result in two different asymptotic representations_ With
the aid of (2.9), the displacement field is written in inner variables as

J
1/2

W(Z; E) = P(S)G(ES, EZ) dS
-1/2

(3.3)
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(see Fig. 4). Similarly, (2.10) is used to write (3.1) in outer variables (see Fig. 5). Thus,

J
e/2

W(Z; 1» = p(S; I»G(S, Z) ds.
-e/2

1623

(3.4)

The Green's function of the displacement field in inner variables, (3.3), may be expanded
asymptotically for small 1>, in the form

\
\

\

G(I>S,I>Z) = I L\n(I»Gn(S, Z),
n= 0

1/£

~"'-\-i'Ti~i--------X

FIG. 4. Elastic circle in inner variables.

(3.5)

FIG. 5. Elastic circle in outer variables.
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where the Gn are given by
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Go(S, Z) = lim G(eS, eZl/Ao(e),
C~O

n-l
(3.6)

G(eS, eZ)

Gn(S, Z) = lim ---
,~O

L: Am(e)Gm(S, Z)
m=O n > 0,

and the "gauge" functions An are taken to be

n = 0,

n > 0.
(3.7)

(3.8)

Thus, the formal inner expansion of the displacement field is given by

4nW(Z; e) = - iF(K +1) log e+iF[(K+ 1) log 2- K+(K-l)inj2]

f l/2 [ - Z-SJ
-i -1/2 P(S) .Klog(Z-S)+log(Z S)+Z_S dS+O(e).

The bracketed expression, which appears in the integral of (3.8), is the Green's function
appropriate to the upper half-plane subject to a distribution of normal traction over the
boundary [6]. The appearance of the half-plane in the first approximation is elucidated by
inspection of Fig. 4. It may be shown that the displacement field, (2.13), of the half-plane
indentation problem is recovered upon substitution of the appropriate traction distribution
[3,6J,

4 J 2P == -Fv (I-4S ),
n

(3.9)

into (3.8), truncated at 0(1). Recovery is complete, even to a rigid body translation; the
displacement at Z = °is in exact agreement with the relative approach, (2.23).

The displacement field in outer variables, (3.4), may also be formally expanded for
small e, in the form

n> 0.

:c

w(z; 6) = I bn(e)4>n(Z)'
n 1

where
n-l

W(Z;6)- I bm(e)4>m(Z)
4>n(Z) = lim m= 1

,-0 bn(e)

and the gauge functions bn are taken to be

bn(s) == sn- 1,

(3.10)

(3.11 )

(3.12)

In the limiting process of (3.11), it is required that the resultant force, f, of each distribution
of traction, p, be held constant while the arc over which p is applied shrinks to a point. Thus,

f
e/2

lim p(s;s)ds = f (3.13)
e-O -,/2
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If the function p also satisfies an additional condition [8, 9J ; e.g.

p(s;e) 2 0,

1625

(3.14)

then, in the mathematical sense of a distribution [8J, the distribution p will converge to

limp = fb,
,~O

(3.15)

where b is the Dirac distribution. In the contact, or indentation problem ofthis paper, (3.14),
and therefore (3.15), is satisfied because the contact traction must be compressive over the
entire contact arc.

Now, according to (3.11) and (3.4), the outer expansion to 0(1) is given by

f
'/2

4ncP I (z) = 4n lim w(z, e) = lim p(s; e)G(s, z) ds.
e-+O e-O -e12

It follows from the definition of the symbolism of (3.15), that

f
'/2

4ncPl(Z) = lim p(s; e)G(s, z) ds = fG(O, z).
,~o -'/2

(3.16)

(3.17)

Reference to (3.2) indicates that the displacement field of the circle subject to concentrated
forces, (2.19), has been recovered, as suggested by inspection of Fig. 5, under the restriction
p 20.

It should be noted that, in general, the distribution, p, gives rise to moments mn of all
orders, defined as

n = 0, 1,2, .... (3.18)

For a distribution p, more general than that of the contact problem, any of the mn may be of
0(1), as e vanishes. In this case, the outer expansion of the displacement field, to 0(1), is a
linear combination of nuclei of strain, W/osn)G(s = 0, z), each multiplied by its appropriate
moment, lim,~o mn(e). Thus, an outer expansion valid to 0(1) is not necessarily obtained
by replacing the distribution, p, with a statically equivalent system of concentrated force
and couple, as might be done in an attempt to apply Saint Venant's principle. However, it is
expected that any error arising in this way would reveal itself through a failure to match the
inner expansion.

REFERENCES
[1] R. D. MINDLIN. Compliance of elastic bodies in conlact. J. appl. Mech. 16.259-268 (1949).
[2J H. HERTZ, Ueber die Beriihrung fester e1astischer Karper. J. reine angew. Math. 92. 156-171 (1881).
[3] H. PORITSKY, Stresses and deflections of cylindrical bodies in contact. J. appl. Mech. 17, 191-201 (1950).
[4] M. VAN DYKE, Perturbation Methods in Fluid Mechanics. Academic Press (1964).
[5] L. E. fRAENKEL, On the method of matched asymptotic expansions. Proc. Camb. phil. Soc. 65, 209-231

(1969).
[6] N. I. MUSKHELISHVILI, Some Basic Problems of the Mathematical Theory of Elasticity, 4th edition. P. Noord

hoff (1963).
[7] C. D. HODGMAN, R. C. WEAST and S. M. SELBY, Handbook of Chemistry and Physics, 37th edition. Chemical

Rubber (1955).



1626 JEREMY SCHWARTZ and EDWARD Y. HARPER

[8] L. SCHWARTZ, Mathematics for the Physical Sciences. Hermann (1966). English edition published by
Addison-Wesley.

[9] E. STERNBERG and R. A. EUBANKS, On the concept of concentrated loads and an extension of the uniqueness
theorem in the linear theory of elasticity. 1. ration. Mech. Analvsis 4, 135-168 (1955).

(Receired 2 December 1970; raised 22 March 1971)

A6cTP3KT-KJlacclt'leCKHlI MeTO,lJ, [epua He y,lJ,06eH ,lJ,JlH armpoKcHMaUHH peJlHTHBHOro nO,lJ,xo,lJ,a ,lJ,JlH TeJI,
B COCTOHHHH nJlOCKOrO HanpHlKeHHH HJlH UJloCKoli ,lJ,e<!>opMaUHH, Bb13BaHHbIX HX B33HMHbiM KOHTaKTOM.
OH TaKlKe He y,lJ,06eH ,lJ,JlH npHMeHHH O,lJ,HOpO,1IHOro npH6J1HlKeHHH ,1IJlH nOJlH nepeMemeHHli. no BceM TeJle.

B nep,lJ,JIaraeMOH pa60Te, npe,1ICTaBJlHeTCH MeTO,lJ, feplla B <!>opMe HHTepHpeTaUHH COBpeMeHHoli. TeopHH
B03MymeHHlI, D,aeTcH peJlHTHBHblli no,1IXO,1I ,1IJlH KOHTaKTa, 6e3 TpeHHH MelK,lJ,y napoli. ynpyrHx,
KpyrJlblX UHJlHH,1IPOB, C pa3HblMH palJ,HycaMH H cBollcTBaMH. Onpe,lJ,eJllleTCli CJlOlKHOe, aCHMnTOTH'l.eCKOe
p33JlOlKeHHe ,lJ,JlH nOJlll nepeMelileHHlI, BalKHoe KaK ,lJ,JlH OKpeCTHOCTH nOBepXHOCTH KOHT3KTa KaK H ,lJ,JIH
oCTaJlbHoli 'I.aCTH TeJla. MeTo,lJ" Upe,lJ,JlOlKeHHbIH B pa60Te, MOlKHO HCnOJlb3aBaTb ,lJ,JlH llJHpOKOrO Kpyra
KOHTaKTHbIX 3a,lJ,a'l..


